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\ We consider a new D = 2 nonrelativistic classical mechanics model 

providing via the Noether theorem the (2 + 1)-Galilean symmetry al- 
. gebra with two central charges: mass m and the coupling constant k 

of a Chern-Simons-like term. In this way we provide the dynamical 
interpretation of the second central charge of the (2 + l)-dimensional 
Galilean algebra. We discuss also the interpretation of k as describ- 
ing the noncommutativity oi D = 2 space coordinates. The model 
p) ' is quantized in two ways: using the Ostrogradski-Dirac formalism for 

1^ ■ higher order Lagrangians with constraints and the Faddeev-Jackiw 

method which describes constrained systems and produces nonstan- 
dard symplectic structures. We show that our model describes the 
^ ■ superposition of a free motion in noncommutative D = 2 space as 

well as the "internal" oscillator modes. We add a suitably chosen class 
of velocity-dependent two-particle interactions, which is descrobed by 
local potentials va. D = 2 noncommutative space. We treat, in detail, 
the particular case of a harmonic oscillator and describe its quantiza- 
tion. It appears that the indefinite metric due to the third order time 
derivative term in the field equations, even in the presence of interac- 
tions, can be eliminated by the imposition of a subsidiary condition. 
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1 Introduction 



In a A^- dimensional nonrelativistic classical mechanics the Galilean symmetry 
transformations {i, j = 1, . . . , N) 

t' = t + T ^^-^^ 

generated by the Galilei algebra leave the equation of motion invariant, 
but quite often the Lagrangian is changed under the transformations (|1 . 1| ) 
by a total time derivative (see e.g [1,2]). Such a quasi- invariance of the 
Lagrangian leads to the appearance of a central extension Gn Gn of 
the Galilean algebra. Let us recall that Gn is described by ^N(N — 1) 
rotation generators Jij = ~Jji (generate 0{N) rotations Ri^), N momenta 
Pi (generate space translations a^), Galilean boosts Ki (generate velocities 
Vi) and the energy operator H (generates time shifts r). The best known 
central extension, occuring for any > 1, describes the mass generator M 
which modifies the commutativity of boosts and momenta as follows (see 



[Ki,P,] = i6i,M. (1.2) 
The relation ( |1.2| ) implies that for M 7^ 0, by defining 

X^=^, (1-3) 

one can embed the Heisenberg algebra^ 

[Xi,P^]=id,j (1.4) 

into the enveloping algebra of Gat. This property of nonrelativistic systems 
has important consequences; in particular the no-interaction theorems valid 
for relativistic Poincare-invariant two-particle systems (see [2,4,5]) are not 
true in the nonrelativistic case. 

The simplest way of demonstrating the physical interpretation of the 
central charge M involves considering a free nonrelativistic particle, with 
the Lagrangian Lq = ^mxf. Introducing the momenta pi = = mxi we 
find from the Noether theorem applied to the transformations ( |1 . 1| ) {p = 
{pi . . - Pn)) that 

Jij -^iPj Pi'^j ) P'i Pi 1 

K, = mxi, ^ = £ , M = m. ^ ' ^ 
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If we introduce the canonial commutation relations ( |1.4| ) for Xi = Xi and 
Pj = Pi we can show that (|1.5|) povides the one-particle realization of the 
Galilei algebra G^, centrally extended by the mass generator M = m-1. Using 
the field equations = we obtain further that the generators Jij, Pi and H 
are constant in time, and Ki depend on time in accordance with the Galilei 
algebra relation 

k, = t[H,K,] = P,. (1.6) 

Let us add that it is the cohomological consideration (see e.g. [6]) which 
shows that in three space time dimensions (A^ = 3) the mass generator M 
is the only central charge which can be added to the ten generators of the 
classical Galilei algebra G^. This conclusion is not valid for = 1 and 
N = 2; for = 1 (one space, one time) we can introduce two central charges 
and for N = 2 (two space, one time) we have the possibility of three central 
charges (the mass M and two additional central charges K, E — see [7]). In 
the latter case we have the following extended Galilei algebra G2 {J12 = J] 
^,J = 1,2): 

[</, Ki'\ idijKj , [o/^, i^j] icijPj, 

[J,H] = lE, [Ki,P,] = i6ijM, (1.7) 

[Ki,K,] = leijK, [Ki,H] = iPi, [P,, H] = [P^ P2] = . 

Taking into consideration the mass dimensions of the generators [Ki] = 0, 
[J] = 0, [Pi] = [H] = 1 we see that the central generators have dimensions 
[M] = [E] = 1 and [K] = 0. In what follows we shall restrict ourselves to 
the case E = because, as shown by Levy-Leblond [7], if i? 7^ the algebra 
( |1.7| ) can not be integrated to the extended N = 2 Galilei group E 0. 
Indeed, assuming that E = e ■ 1, the finite 0(2) rotations are generated by 
J as follows: 

gSj^g-ej = H + eei. (1.8) 

However, as ^ = 27r and ^ = should give identical results, one can integrate 
the Lie algebra G2 to the corresponding Lie group only if e = 0. 

The representations of the Lie algebra ( |1.7| ) with three central charges M, 
K, E as well as the projective representations of the corresponding N = 2 
Galilei group were studied by several authors (see e.g. [7-12]). Indeed, in 
accordance with the general scheme (see e.g. [3,6]) the appearance of central 
charges in a Lie algebra leads, on the group level, to the appearance of 
projective representations of the corresponding Lie group. 
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The main result of this paper involves finding a Lagrangian model which 
provides, via the Noether theorem, the N = 2 Galilean algebra G2 with two 
central charges M = m ■ 1 and K = 2k ■ 1. The interest of having such a 
model is threefold: 

i) One obtains a clear physical interpretation of the second central charge 
of G2 

ii) If we keep relation (|1.3|) the model possesses noncommutative space 
coordinates, i.e.^ 

[X,,Xj] = i-^eij (1.9) 

iii) It provides a good example of the Faddeev- Jackiw quantization method. 

As we shall show, our model can be described either in terms of phase space 
variables with commuting space coordinates, or in terms of new phase space 
variables with noncommutative space coordinates given by relations (|1.9|) . 
After considering free motion in the noncommutative space we shall intro- 
duce interactions in the classical D = 2 space generating a potential term 
which depends on noncommuting D = 2 space coordinates. Recently, there 
have been several proposals for deformations of space-time variables leading 
to their noncommutativity (see e.g. [15-18]) and also to deformed classical 
and quantum mechanics (see e.g. [19,20]). In our case we exploit the ex- 
plicit relation between commuting and noncommuting position variables and 
we expect that our model can contribute also to a better understanding of 
dynamical models on other noncommutative spaces. 

The plan of our presentation is as follows. In Sect. 2 we present our 
model in a Lagrangian as well as Hamiltonian formulation, write down the 
corresponding constraints, Dirac brackets and introduce the corresponding 
Ostrogradski-Dirac symplectic formalism. In the Hamiltonian formalism, fol- 
lowing the scheme for higher order Lagrangians [21-24] one introduces besides 
the positions Xi also two pairs of momenta pi, pi as phase space variables. 
It should be mentioned that an equivalent formalism is also possible, with 
the canonical variables {xi, Xi, pi) and in Sect. 2 we shall show that the 
quantization with this choice of variables can be easily achieved using the 
geometrically motivated Faddeev- Jackiw method [13,14]. In Sect. 3, using 
the Ostrogradski phase space formalism and the Faddeev- Jackiw method we 
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discuss the Galilean symmetries: Noetlier charges and conservation laws. In 
Sect 4 we present the symplectic formalism for the choice of phase space 
with noncommuting space coordinates satisfying relations (|1.9D, and use this 
framework to consider the dynamics of the model. We arrive at the con- 
clusion that the Hamiltonian of section 2 can be diagonalised and that it 
describes a free motion in the noncommutative phase space supplemented 
by the oscillator modes with negative sign of their energies. In sect. 5 we 
introduce the two particle D = 2 Galilean invariant dynamics and consider 
the class of velocity-dependent interactions, which imply the appearance of 
a potential term in the noncommutative D = 2 space. In particular, we 
study in detail a model with noncommutative harmonic forces, describing a 
harmonic oscillator in the D = 2 noncommutative space which was first in- 
troduced, in the Hamiltonian framework, in [10]. We find that although the 
parameter/c (see (1.9)) modifies the standard spectrum of the oscillator all its 
eigenvalues remain positive. In sect. 6 we discuss the problem of indefinite 
metric. We find that the modes carrying indefinite metric can always be re- 
moved by the imposition of a Gupta-Bleuler type of a subsidiary condition. 
The paper contains also an Appendix in which we show that our Lagrangian 
is the most general D = 2 Galilei-invariant Lagrangian linear in the second 
time derivative of the position variable. 



2 A model with a C hern- Simons- like term 

As is well known, in two dimensions, due to the existence of the Levi-Civita 
antisymmetric metric ey, one can introduce a free particle action with a 
Chern-Simons like term (A has dimension of mass/time): 

L = — ^ + XeijXiXj . (2.1) 

The second term can be interpreted as a coupling XAjXj of a particular elec- 
tromagnetic potential Aj = eijXi corresponding to constant magnetic field 
strength Fij = diAj — djAi = Xeij. The Lagrangian (|2.1| ) is neither invariant 
nor invariant up to a total derivative under the Galilean boost transforma- 
tions; the symmetry algebra is described by the Hamiltonian H and the 
D = 2 Euclidean inhomogeneous algebra (J, ^1,^2) centrally extended by 
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the central charge A = A ■ 1: 



[J, P,] = i€i,P, , [Pi , Pj] = 2tei,A . (2.2) 

In order to obtain a two-dimensional model which is quasi-invariant under 
D = 2 Galilei symmetry we modify the second term in and consider [k 
has the physical dimension of mass x time) 

L = ^ kcijXiXj . (2-3) 

It is interesting to observe that following the methods of [25] one can show 
that the Lagrangian (2.3) is the most general one which is quasi-invariant 
under the D = 2 Galilei transformations and which contains at most a linear 
dependence on the second derivative terms the Appendix). 

A) Quantization using the Ostrogradski-Dirac method 



The Hamiltonian description of the Lagrangian (|2.3| ) follows from the Ostro- 
gradski formalism for higher order Lagrangians, supplemented by the Dirac 
bracket technique. Due to the presence of a second order derivative in the 
Lagrangian we have to introduce two momenta: 

^_aL_rf_aL p-— (24a) 
* dxi dt dxi * dxi 

Hence in our case 

Pi = niXi — 2keijXj . pi = keijXj . (2.4b) 

The Lagrange equation of motion 

dxi dt dxi dt"^ dxi 
takes in our case the form 

Pi = mxi — 2keij Xj = . (2.6) 
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The Hamiltonian is given by 



H = XiPi + xpi- L 




2 



(2.7) 



Because 




(2.8a) 



2 



-L lit' x2 

+ — (p,) 



(2.8b) 



we obtain 



E 



m 



{Pjf + jPk(^kiPi ■ 



(2.9) 



2A;2 



The Hamihonian formahsm for the Lagrangian (|2.3| ) can be written in 
the eight-dimensional phase space (xj, Xi, pi, pi) with two constraints 



These constraints lead to the replacement of the canonical Poisson brack- 
ets 

{ j ) Pj } ^ij ^ ) Pj } ^ij 1 

{xi.Xj} = {pi.Pj} = 0, (2.11) 
{xi,pj} = {xi,pj} = 0, 

by the Dirac brackets 



bracket relations are replaced by the symplectic structure depending on the 
choice of six independent canonical variables. We have two possibilities: 

i) The phase space with two sets of momenta i/a = {xi,Pi,Pi). 
Then from ( |2.12| ) we have 



ijPj = • 



(2.10) 




{yA,yB}D = ^^AB , 



(2.13) 
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where 



UJ 






12 





12 














2*" 



The Hamiltonian equations of motion 

Va = {yA,H}D 
where H is given by (|2.9|) , take the form: 

1 



k 



Xi = {xi,H}o = 
Pi = {pi,H}D = 0, 
Pi = {pi,H}D = 



m 



(2.14) 
(2.15) 

(2.16a) 
(2.16b) 
(2.16c) 



Substituting the constraint equation ( p.l6a| ) into ( |2.16c|) differentiating 
and using ( p.l6b|) reproduces the equations (|2.6| ). 

To obtain the quantized form of the canonical commutation relations 
(|2.13|) as well as the Heisenberg equations of motion we perform the 
replacement 

{y,y'}D^^[y,y], (2.17) 

where y, y' denote the quantized variables. 



ii) The choice of independent variables y^ 
The symplectic structure is given by 



yXi , Xi, Pi) 



where 



{yA,yB}D = ^AB , 

/ 

-h^ 



(2.18) 



(2.19) 



V-I2 

The Hamiltonian H reads using (|2.10|) 



H 



nixH 



Xj Pj 



(2.20) 
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The Hamiltonian equations are 

Pi = {p^,H}£, 

and the relation Xi = {xi, H}j^ has become an identity. One can easily 
see that the equations ( p.l6a] )-( p.l6c| ) and ( |2.21a| )-( ^.21b| ) supplemented 
by the constraints (|2.10|) are equivalent. 

b) Quantization using the Faddeev-Jackiw method 

It appears that Lagrangians with higher order derivatives can be also treated 
by the Faddeev-Jackiw method [13,14]; particularly well-suited are the La- 
grangians which are linear in the highest order derivatives. If we assume the 
Lagrangian of the form 

T( • _ r(o)^ ^"""^N _L r(i)(' (") (-o 99^ 

J-/\Xi , Xj , . . . , J L/ (^Xj , . . . , Xi J + -ivj (^Xj,..., Xi JX, yZ.ZZj 

then by introducing n — 1 momenta {pi, . . . , pi-k', k = l,...n — 1) as the 
Lagrange multipliers we can rewrite (|2.22| ) as {i, j = 1, . . . d) 

L = L'-°\xj,yj.i,...,yj.n-i) + Lf^\xj,yj.i, ...,yj.n-i) ■ Vi^n-i 

n-2 

+Pi{xi - yt-i) + Yl Pi;k{yi;k - yi;k+i) (2.23) 

k=l 

n-2 

= Piii + YPi;kyi;k + L^j^\xj,yj-l, ...yj-ri-l) ■ 2/i;n-l - H , 
k=l 

where 

n-2 

H = piyi-i + Ypi-kyi;k+i - L^^\xj,yj.i, ...yj-n-i) ■ (2.24) 

k=l 

The relation ( |2.23| ) is written in the form presented in [13, 14]; in particu- 
lar, the canonical one-form determining the equal-time commutator algebra 
is given by 

n-2 

AK{Y)dYK = Pi dxi + Pi-kdyi-k + L[^\xj, yj-i, . . . , yj-n-i) %;n-i , (2.25) 

k=l 



m 

0, 



2k 



^ijPj 



(2.21a) 
(2.21b) 
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where Yk = {Xi,Pi,Pi.i,yi.i, . . . ,Pi.n-2,yi;n-2,yi;n-l)- 

If we introduce the antisymmetric tensor 



KL 



SAk _ dAi 



K 



(2.26) 



and assume that the matrix ( |2.26| ) is invertible we find that the basic Poisson 
brackets are given by 

UKL = {YK.YL} = fK\- (2.27) 

jet 

yi-i = yi, Ya = {xi,X2,pi,P2,yi,y2) and 
—keijyj 



Our Lagrangian ( |2.ij| ) fits very well into such a scheme, which is obtained 
from ( p. 23]) by putting d = 2, n = 3 

{y = (1/1,2/2)) 



(1) 



2.28 



We have 



KL 



I 



\ 




(2.29) 



i.e.. from (|2.27|) we obtain the symplectic structure (|2.19|) . It should be 
noted that the Faddeev- Jackiw method, presented in this subsection, provides 
the quantization of the model (2^) in an easier way than the conventional 
Ostrogradski-Dirac approach. 



3 Noether charges and the generalized D = 2 
Galilean algebra 

a) Ostrogradski-Dirac method 

Let us consider a Lagrangian L{xi,Xi,Xi) which depends on the first and 
second time derivatives. The variation of the action S = J dtL under the 
change Xi ^ Xi + 6xi takes the form (see e.g [21,22]) 

6S = Jdt5L = Jdt {§-Sx, + §-6xi + §-Sxi) = 

(3.1) 

= J dt f^{piSxi + piSxi) 



10 



If 5xi = F[{xi,t)6ar describes the symmetry, i.e. 6La^ = 0, we obtain the 
following formulae for the generator 

g^(t) = p,{t)Fi'{x,{t),t)+mj^F,^{x,{t),t) (3.2) 
which is conserved 

Iqr^t) = =^ Q^ih) = Q^{h) . (3.3) 

If the Lagrangian L is quasi-invariant under the symmetry transformation, 
i.e 

5L^^ = j^{r5ar), (3.4) 

the generators (|3.2|) are not conserved. However, as the nonconservation law 
takes the form 

we can introduce modified generators = — which are conserved. 
The generators correspond to the modified symmetry transformations 
with central charges. 

Let us list below the generators of the D = 2 Galilei symmetry for the 
Lagrangian ( p.3| ). We have 

i) translations {6xi = Sai, Sxi = 0; = (5/, = Pi) 

P^ = P^ (3.6) 

ii) rotations 0(2) {5xi = —eijXjSa, 5xi = —eijXjSa; Fi = —eijXj, Q = J) 

J XidijPj Pi€ijXj . (3.7) 

Using the constraint equations ( p. 101) we find that 

X 

J = eijXiPj - -^{Vjf ■ (3.8) 

iii) Gahlean boosts 5xi = Vit, 6xi = vf, F/' = di' ■ t. (we denote the 
nonconserved Noether boost charges by Bi) 

From (|3.2|) we obtain 

Bi=p,-t + p,. (3.9) 
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The Lagrangian ( p.3| ) is quasi-invariant under Galilean boost transforma- 
tions; in fact 

6L^^ = -j^i^^i - keijXj)vj (3.10) 
and the relation (B.5|) takes the form 



= -^{pi ■ t + Pi) = -^ijn^i - keijXj) , (3.11) 

or 

Bi = Pi ■ t + Pi — mxi + keijXj . (3-12) 

After inserting the constraint formula (|2.1CI|) we derive the following con- 
served generator 

Bi = Pit - mXi + 2pi , (3.13) 
Finally, we introduce the boost generators Ki by means of the formula^ 

B, = Pit - Ki (3.14) 

or 

Ki = mXi - 2pi , (3.15) 

in consistency with the relation ( |1.6|) 

Let us recall that the full D = 2 Galilean algebra is described by the 
generators (|3^), ( p.8| ), ( p.l3| )- ([3n^ ) and the energy operator H is given by 



rof ). If we use the Dirac brackets (|2.13|) - (|2.19|) it can be shown that we 
obtain the D = 2 Galilean algebra ( p. . 7|) , with E = and nonvanishing 
central charges M = m ■ 1 and K = 2k ■ 1. 

b) Faddeev-Jackiw method 

Let us write the Lagrangean (|2.3|) as a special case of formula (|2.23| ) 



L = piXi - keijUiVj + ^ PiUi . (3.16) 

The variations corresponding to translations, 0(2) rotations and Galilei 
boosts take the form 

5xi = Sai — eijXjSa + Svit , 

Spi = —eijPi6a + mSvi (3-17) 
^Vi = -eijVjSa + 5vi . 
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Then we obtain 



5L = ^{iT^^i - keijyj)Svi . 



(3.18) 



Denoting the variations ( |3.17| ) as 6Ya = FJ(Ya, t)S ar, where Ya = {xi,pi, yi),5ar 
{Sai, Sa, Svi) we find 

Q'{t) = PAit)F'^iYA,t), (3.19) 
where from ( 3.1(j| ) it follows that 

dL 



Pa 



OYa 



{pi,0,keijyj) . 



(3.20) 



Taking into consideration (|3.18| ) we see that 

Pi = Pi 

J = eijXiPj — ky^ 
Ki = Pit - mxi + 2keijyj 



(3.21) 



Together with the formula for the Hamiltonian, which follows from (|3.16| ) 



H = Piyi 



-o 

my 



2 ' 



(3.22) 



and using ( |2.19D one can easily check that the formulae ( |3.21[ )-( PT^^ lead to 
a realization of the D = 2 Galilei algebra (|1.7|) (with E=0) 



4 Quantization of a free motion with non- 
commuting space coordinates and internal 
oscillator modes 

For Galilean systems the position operator Xi can be expressed via formula 
( |1.3|) by the Galilean boost operators Ki. Such position operators for D > 2 
are commuting. In the D = 2 case in the presence of two central charges 
(m 7^ 0, 7^ 0) if we keep the formula ( |1.3D we obtain noncommuting position 
variables. Using ( |3.15| ) we have 

2 

X, = x, Pi. (4.1) 

m 
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If we put Pi = pj we obtain the standard canonical Poisson bracket 

{Xi,P,}D = 5,,. (4.2) 

In order to obtain {Xi,Pj}o = we should redefine the second pair of 
momenta as follows 

k 

Pi = —Pi + €ijPj . (4.3) 
m 

Introducing six phase space variables = {Xi,pi, Pi) we obtain the following 
symplectic structure 

{Ya,Yb]d = ^ab, (4.4) 

where 

( I2 \ 
Q= -I2 . (4.5) 
V fe/ 

We see from ( [4.4| )-( ^75D that the parameter k introduces noncommuta- 
tivity in the coordinate sector, in accordance with recent ideas of noncom- 
mutative geometry (see e.g. [13-15]). One can describe the model (^]3|) in 
the Hamiltonian framework using variables Ya- In particular, the symmetry 
generators calculated in Sect. 3 can be expressed as follows 

Pi = Pi, Ki = mXi , (4.6a) 
J = -eijPiX, + ^f -jP , (4.6b) 

H = P--^P^. (4.6c) 
2m 2k^ ^ ' 

Then the dynamics of the model is described by the following set of equa- 
tions, with H given by (4.6c) 

r) M 

Ya = ^AB^, (4.7) 



or, more explicitly. 



X - —e ^ ^_Pi u 8a) 
* vn? dXj dpi m ' 

OH 

~ k dH m ~ / . ^ N 

Pi = -^ii^^ = reaPi . (4.8c) 

2 '^dPj 2k ^ ^ ^ ^ 
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We see from relations (4.8a,b) that Xi = 0, i.e. that our model describes 
a free motion in the noncommutative two-dimensional space, supplemented 
by independent "internal " modes described by variables Pi, which can be 
identified with a standard pair of canonical variables. Indeed, identifying 
Pi = \/ f £, P2 = \ f P and introducing oscillator variables 



C = -^(5: + ip), = -^{x - ip) (4.9) 



we find from ([4.5| ) that 

{C, C*}d = -I (4.10) 

and 

H= ^(CC^ + C'-C). (4.11) 

We see that our model describes a free motion in the noncommutative space 
{Xi,X2) supplemented by internal degrees of freedom described by oscilla- 
tor modes with negative energies. Indeed, introducing the correspondence 
principle 

{A, B}n -> ^[i, B] (4.12) 

we obtain from (4.12) 

[C, = h (4.13) 
and the spectrum of the Hamiltonian (4.13) is given by 

E,.^ = ^-^{n + h (4.14) 
^' 2m 4A; ^ 2^ ^ ^ 

We see that the energy spectrum (|4.14|) is not bounded from below due to 
the presence of the C-quanta. The physical space can be defined by means 
of the subsidiary condition 

C \ph) = (4.15) 

Next we shall introduce interactions which allow us to introduce, consistently, 
the subsidiary condition ( |4.15|) . 
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5 Local potentials in the D = 2 noncommuta- 
tive space and the case of harmonic forces 

In the previous section we have shown that our model, defined by the La- 
grangian (2.3), can be decomposed into two decoupled sectors: 

i) The external one described by variables {Xi, Pi) with Pi = pi and Xi 
describing noncommuting D = 2 space coordinates. It appears that 
our model { \i.'d\j describes a free motion in the noncommutative space 



ii) The internal sector which is described by auxiliary momenta Pi which 
commute with the external variables. The states generated by the vari- 
ables in the internal sector are eliminated by the subsidiary condition 



The model (2.3) describes the one-particle D = 2 Galilean dynamics and 
so is fixed uniquely by the Galilean invariance with k ^ and E = (see 
(1.7))^. In order to add to the free Lagrangian (2.3) a potential energy term, 
consistent with Galilean invariance, we have to consider the two-body particle 
dynamics. Denoting by Xi-i, Xi-2 ii = 1,2) the positions of two point particles 
we consider the following Lagrangian^ 



where F is a scalar with respect to the D = 2 space rotations 0(2) and is, 
by construction, invariant under translations and Galilean boosts. Lq-j. are 
given by (for simplicity we put m = nii = m2 and k = ki = k2) 



X,. 



(EH) 



Li+2 — Lo-i + Lo;2 — V{Xi-i — Xi-2, ir,l — ir,l) 



(5.1) 




(5.2) 



If we define the centre-of-mass (CM) and relative coordinates 




Ri ■= -(a^i;l + ^i;2) 



(5.3) 



we can rewrite (5.1) as 



L 



1+2 — 



(5.4) 
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where (M = 2m, K = 2k; m = f, k = |) 



LcM = - KeijRiRj , (5.5a) 

L' = -x^, - kup^x, - V{x,,x,). (5.5b) 



The global CM motion described by (5.5a) has exactly the structure of 
the one-particle dynamics discussed in sections 2-4. In the following we 
shall study the dynamics of the relative two-particle motion described by the 
Lagrangian (5.5b). We postulate that the Hamiltonian obtained from the 
Lagragian (5.5b) should also split into the sum 

H = if(^^*)(P,X) + (P) , (5.6) 

where if(*"*)(P) is the free internal oscillator Hamiltonian (see ([4.9| )). We 
shall consider here the interactions V{xi, Xi) which do not modify the choice 
of the internal Hamiltonian and add to the free external Hamiltonian an 
arbitrary potential U (X) 

i/(^"*)(F,X) = — + U(X). (5.7) 
2m 

For this purpose we will take 

2k 

V{xi,Xi) = U{xi - —eijXj). (5.8) 

Using 

- ■ -91. ■■ — ~ - h ■ 

777 CJX j 



and (O), (U), (U) we get 



H = x,p, + x,p, - £ = - —P + U{X.^. (5.10) 

2m 2k^ 

We see therefore that our particular velocity-dependent interaction (5.8) 
leads to local interactions involving noncommutative variables. 
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The property that quantum mechanical models on noncommutative spaces 
can be transformed into standard but complicated models on commuting 
spaces is known from the studies of quantum deformed models of quantum 
mechanics (see e.g. [17,18]). Our model provides one more example of such 
a construction. In the simplest case one can assume that the potential U is 
quadratic and so consider the following form of the noncommutative oscilla- 
tor Lagrangian 

Lose ^ kdijiiXj ^ (Xj dijXj^ (5.11) 

which contains the Chern-Simons term. The equations (2.6) are now gener- 
alised to 

(Oii eij — ){mxj — 2kuj tjiXi + muj Xj) = (5.12) 

m at 

Introducing noncommutative coordinates (4.1) and the modified auxiliary 
momenta (4.3) we obtain (putting Pj = pi) the expected special form of (|5.71 ) 



HizHP,X) = ^ + '^X\ (5.13) 



Hamilton's equations ( [4.7|) then give us 



Xi — 2 EijXj -\- — Pi 

m m (5.14) 

Pj = —muj^Xi 



Thus we obtain the following equation for our noncommutative Xi. 

Xi - 2— ei,X,- + mu'^Xi = 0. (5.15) 
m 

We note that the velocity dependent term in ( |5.15| ) is due to the noncom- 
mutativity of space coordinates Xi (see (1.9)). If we now introduce, in the 
standard way, the oscillator variables 



A. := + JJ-P. (6.16a) 



A- := - JJ^P. (5.16b) 
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we obtain 

Hitf = + (5.17) 

Calculating the Dirac brackets (see ( [4.5[ )) for the oscillator variables ( |5.16a| ) 
- ( p.l6b| ) and quantizing by the substitution {., .}£)—>■ , .]we obtain 

[A, A]] = n5,, + -— e,,- 

[A, Aj] = [A^, Aj] = ^ . 

The /c-deformation of the harmonic oscillator is obtained therefore by the 
deformation of the Heisenberg commutation relations, describing modified 
equal time oscillator algebra ( |5.18|) . In principle one can quantize the k- 
deformed oscillator by introducing a A;-deformed Fock space of the modified 
oscillator variables ( p.l8| ). Here we shall however solve the model by intro- 
ducing the following commuting space coordinates 

k 2 k 
Xi = Xi-\ ^e^P,- = Xi Pi H -€ijPj , (5.19) 

which satisfy two conditions: 

i) the standard Poisson brackets are valid 

{Xi,Pj} = Sij, {X^,Xj} = 0. (5.20) 

ii) the Poissons bracket with internal symmetry variables vanish, i.e. {Xi, Pj} 
0. 

In this way, following [10], we find that ( ^.13|) gives us 



Iie.t) ^ ^ + !!}^^fx■-—e■P■ 



2 



2m 2 * m 



(5.21) 



where 



m = mil + u'^—)-^ (5.22a) 
tu^ = a;^(l + — -) (5.22b) 
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and where, as is clear from (4.6b), 



J(^^*) = e,,X,P, + -^f = e,,XiP, (5.23) 



describes the 0(2) angular momentum for the external dynamics. 

The first part of the Hamiltonian ( p. 211 ) is the standard oscillator. If we 
introduce the standard quantized oscillator variables 



~2h " ^ V 2muh ' 



satisfying 
we find that 

where 



t r^^ V ■ / ^ p 
■= \ — — i\ -Pi 

V 2h \2muh 



(5.24) 



ttj, a]] = 5ij (5.25) 



Hitf = Hj!ll - J 7 = ^, (5.26) 



Hif^ = huiaU + 1) = hu{N + ^) (5.27a) 
r^"^ = ih{alai~ a\a2). (5.27b) 

As is well known, using the operators (5.25) and the 2x2 Pauli matrices 
(Tr (r = 1, 2, 3), we can construct the following SU{2) Lie algebra generators^ 

-^r = ^(4{ar)ijaj. (5.28) 

The SU{2) Casimir = is related to the number operator (see (5.27a)) 
by 

+ (5.29) 

Furthermore 

r""' = 2hJ2. (5.30) 
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Let us consider now the common eigenstates of N and J2 (see also [9] ) 

N\n;l >^n\n;l > neN (5.31a) 
J^ln-J >= -\n;l > I e Z. (5.31b) 

We see from (5.29), however, that in the oscillator representation the number 
n plays the role of the half of the angular momentum eigenvalue. Follow- 
ing the standard procedure in quantum mechanics we see that we have the 
restriction 

\l\ < n. (5.32) 
From (5.26), (5.27a,b), (5.30) and (5.31a,b) we obtain 

Hilf\n;l>^E„,i\n;l>, (5.33) 

where 

Eni = hCo(n + l) -h 1. (5.34) 

m 

Using (5.32) we obtain the following lower bound on the energy spectrum 

En,i >huj + hn{Cj ). (5.35) 

TTh 

From (5.22b) we get 



u = u{\ 1 + — > 0. 5.36 

m \ m^^ m 

We see that the energy spectrum (5.35) is positive. 

In order to describe states (5.31a-b) one should consider the oscillators 
flj as SU{2) spinors and rotate them around the first axis by an angle ^. 
Introducing the following unitary transformation 

hi = Uijaj, (5.37) 

where 

ZTT 1 

U=[exp-{a,% = + (5-38) 



21 



we find that ^ 

J2 = -^{alai - 5,2(12) ■ (5.39) 

If we now introduce the states 

\n,,n2>= -^^i~a\n~alr\0 > (5.40) 



where 



ai|0 >= (5.41) 
we obtain the following formula for the eigenstates (5.33) 

\n-l>= |l(n + /),l(n-/) > . (5.42) 

We would like to make the following two additional remarks 

i) The Lagrangian (5.5a) can also be discussed for nonharmonic potentials 
U[X^. For example, one can assume that \J{X^ = ^{X'^y. It is easy 
to see that such a model with noncommutative quartic interaction will 
lead, in the commuting space, to a Hamiltonian with the generalised 
kinetic term 

2;;^-^ 2;^+4(^)' ^ = ^- ^'-''^ 
Such a model is currently under consideration. 

ii) One can also ask if it is possible to generalize the free oscillator Hamil- 
tonian ii'(*"*) (see ( p.6D ). It can be shown that such a generalization is 
possible only if we can introduce terms with second order time deriva- 
tives which are different from the Chern-Simons-like term in ( p.3|) . It 
appears, however,that in such the constraints (|2.1CI|) are not 



valid and the separationinto "external" and "internal" degrees of free- 
dom looses its meaning. Moreover, for the interacting "internal" degrees 
of freedom the negativemetric states cannot be consistently eliminated 
by the imposition of a subsidiary condition, and the Faddeev-Jackiw 
method cannot be applied. 
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6 Concluding Remarks 



In sect. 2-4 we have presented a one-particle model with higher order 
derivatives, which provides a dynamical interpretation of the second central 
extension of D = 2 Galilei algebra. The model can be interpreted as de- 
scribing a free motion in the D = 2 space with noncommuting coordinates 
and internal structure described by oscillator modes with negative energies. 
Further, in sect. 5, we have also considered a two-particle Galilean- invariant 
dynamics with relative motion described by a model with a potential depend- 
ing on noncommuting coordinates. It appears that such models are obtained 
if our primary Lagrangian contains suitably chosen velocity-dependent in- 
teractions. In particular, we have fully discussed the case of a harmonic 
oscillator in noncommutative space. The modification due to the noncom- 
mutativity introduces a bilinear S'[/(2)-breaking term into the Hamiltonian 
of a two-dimensional oscillator. 

It appears that the dynamics in the models considered in Sect. 5 can 
be separated into two independent sectors - describing external and internal 
dynamics. The external dynamics describes the quantum mechanics in the 
D = 2 space with noncommuting coordinates. The internal dynamics, in the 
presence of particularly chosen interaction in the external sector, is described 
by free oscillators (4.15). 

From the general framework for higher order Lagrangians (see eg [21]) it 
can be deduced that in our model there exist states which, after quantization, 
are endowed with an indefinite metric. These states are generated by the 
internal oscillator variables and are eliminated from the physical spectrum 
by the imposition of the subsidiary condition ( [4.15| ). In the case of the 



interaction described by the potential (5.9) we obtain from the Lagrangian 
(5.5b) the following equations of motion 

dU 

Oijimx, + — ) = 0, (6.1) 

where 

2k d 

0.. = (5.,--Q,-). (6.2) 



The subsidiary condition (|4.15|) eliminating the states with negative metric 
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can be expressed in the following way 



i.e. in the physical sector we retain only the reduced dynamics in the external 
sector. The factorization of the Euler-Lagrange equations (6.3) shows that 
the operator Oij describing the modes which carry indefinite metric does not 
depend on the interaction term and the relation (|6.3|) is equivalent to the 



subsidiary condition ([4.15|) . 

In summary, one can treat the presented model as an explicit realization of 
a theory with higher derivatives, with interesting symmetry properties, con- 
straints and several symplectic structures. The model also illustrates very 
well the Faddeev-Jackiw technique of quantization. In our view it is also 
important that the model provides an example of a Lagrangian dynamics 
which can be expressed equivalently in terms of commuting and noncom- 
muting position variables. Moreover, although our model contains higher 
order derivatives, even in the interacting case, the ghost problem of higher 
order Lagrangian theories can be solved. The unphysical features (negative 
energies, negative metric states) which are linked to the introduction of a 
noncommutative structure are described by free modes and can be made 
harmless by the imposition of a suitable subsidiary condition eliminating 
negative metric states. 

Finally we would like to add that since the appearance of recent models 
of strings with substructure described by the so-called 0-branes (see e.g. 
[28,29]) the (2+1) dimensional Galilei-invariant systems have become more 
important. Possible links with such applications should also be considered. 
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Appendix 

In this appendix we prove the following 

Theorem. The most general one-particle Lagrangian, which is at most 
linearly dependent on leading to the Euler-Lagrange equations of motion 
which are covariant with respect to the D = 2 Galilei group, is given, up to 
gauge transformations, by 

with ra and k constant. 
Proof 

• (i) Covariance of the equations of motion, with respect to the D = 2 
Galilei group is equivalent to the statement that the Euler variation /j 
is independent of t, x and x and transforms, under space rotations, as 
an i^^ component of a vector (see [23]), i.e. 

dI^_±dL_ . 

dx, rftai:, ^rft^Q^. -/H^,^,^)- (A.2) 

• (ii) If we now suppose that L is at most linearly dependent on x 

L{x,x,x,t) — Li{x,x,t) + L2i{x,x,t)xi (A. 3) 

we conclude from (A.2) that fi does not depend on x and is linearly 
dependent on x 

fi{x,x) = fii{x) + f2ij{x)xj (A.4) 

with 

r /..X dL2i dL2j . 

^'-^'^ = ^-^- ^^-'^ 

Because the r.h.s. of (A. 5) is an antisymmetric tensor independent of 
X, we have 

f2ij{x) = 2ke,j (A.6) 



25 



with /C=constant (the factor 2 is a matter of convenience). 
Putting (A. 6) back ito (A. 5) we conclude that 

L2i{x,x,t) = L20i{x,t) + L2Uj{x,t)xj + ksijij (A.7) 

with L2iij being a symmetric tensor. 
Therefore we have as an intermediate result 



L{x,x,x,t) = Li{x,x,t) + L20i{x,t)xi 
• (ill) We now perform a gauge transformation 



(A.8) 



L = L + ^(j){x,x,t) (A.9) 

with := L20i{x,y)xi + \L2Uj{x,t)xiXj. 
Then L reads 

L{x^x,x,t) — Lo{x,x,t) + keijXiXj (A. 10) 

with 



(A.11) 



Lq := Li{x,x,t) - {-^^L20i{x,t))xi 

~2(dt-^21jj(a;, t))XiXj. 

Because the Euler- variation is invariant with respect to the gauge trans- 
formation (A.9) we find from (A. 2) and (A. 4) that 

dLo{x,x,t) _ d dLo{x,x,t) ^ 
dxi dt dxi ' 

But (A. 12) is a well known text-book problem (cp. Landau - Lifshitz, 
Vol.1) with the solution 

TTX d 

Lo{x,x,t) = —XiXi + —%l){x,t). (A. 13) 

• (iv) Combining (A.8), (A.9) and A(13) we arrive at (A.l) up to a gauge 
transformation. 
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Footnotes 

1. We consider here h — c — 1, i.e the mass dimensions of space and time 
coordinates are the same and equal to —1. 

2. The noncommutativity (1.9) (though it describes the D — 2 case) re- 
sembles the four-dimensional noncommutative structure proposed in 
[17], where the space-time coordinates also commute to a number. 

3. For convenience we have changed the overall sign of the modified bost 
generators. 

4. Adding potential V{x) to a one-particle dynamics leads to the broken 
translational invariance and we obtain [Pi, H] = ^V{x) ^ 0. In the 
D = 3 case the modification of the Galilei algebra obtained by requiring 
that the one-particle dynamics is described by a harmonic oscillator was 
first discussed by Sudbery [26]. 

5. Following [25] one can show that the D = 2 Lagrangian L1+2 (a^i;r, Xi-r, Xi-r) 
(i = 1, 2); (r = 1, 2) for the interacting identical point particles is the 
most general one which 

i) contains only linear acceleration-dependent terms 

ii) the potential V depends only on coordinates x^r ^-nd velocities 

Xi-j. 

iii) it leads to the Euler-Lagrange equations of motion which arc form- 
invariant with respect to the D = 2 Galilei transformations (1.1) 

6. This is the so-called Schwinger- Jordan representation (see [27]). 
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